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u – displacement

q
u – displacement
q - direction

Transverse Acoustic (TA) Phonon

LO and LA Phonons have 
displacements along the 
direction of q
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Boundary Conditions: 
Optical modes --- continuity of the tangential component of 
the electric field and the z component of the displacement vector 
must be continuous at the interfaces  
Acoustic modes --- displacement and normal component of stress
tensor are continuous at interfaces
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Normalization and Applicability of Elastic
Continuum Theory  --- One Monolayer Thick?

Normalization: 
Mode amplitude  normalized so that the energy in each model
is the quantized phonon energy – example 2D  graphene 
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McEwen & Park et al., Nature
September 2000 Elastic Continuum Results

Mode Energy (meV)

a0 62
a1 74

Elastic Continuum Theory Gives Correct Energy for a 
Dominant Mode of the Nanomechanical Modes in 

Carbon Nanotubes and in C60
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Engineering
Research Group
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College of Engineering

35 meV mode observed experimentally

a1 74
a2 111
b2 32
b3 38

Goal: Theoretical Description of Nanoscale Mechanical Structures for Nanodevice
and Sensor Applications including Nanocantilevers

Matches our theoretical results to 10%
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Precision and Nature of 
Optical Phonon Confinement
H. Sakaki et al.

Anharmonic Effects:
Klemen’s Channel with Keating Model ---Bhatt, Kim and Stroscio
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Phonon Modes

in

Phonons and 
Nanostructures
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photon 
emission 

Interface Optical Phonons: Applications to Phonon-Assisted
Transitions in Heterojunction Lasers

phonon 
emission 
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Interface-Phonon-Assisted Processes:
Double Resonance Process 
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a2 = 2 nm, a3 = 10 nm

ηtot = nA2 / nA1 = τ21/τout
= 6 for a1 = 8.5 nm

ηloc = (nA2 / nA1)k = 0
= ηtot (1 + τ11/ τout) EA2-A1/Ephonon

≥ 50 - 100
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Double Resonance Scheme

Michael A. Stroscio, Mikhail V. Kisin, Gregory Belenky, 
and Serge Luryi, Phonon Enhanced Inverse Population in 
Asymmetric Double Quantum Wells, Applied Physics 
Letters, 75, 3258 (1999).
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References 4 and 5:

M. Kisin, M. Stroscio, V. Gorfinkel, G. 
Belenky and S. Luryi, Influence of 
Complex Phonon Spectrum of 
Heterostructure on Gain Lineshape in 
Quantun Cascade Laser Quantun Cascade Laser 
(QCL), Optical Society of America, 
Technical Digest Series, Volume 11, 
425 (1997).

Mikhail V. Kisin, Vera B. Gorfinkel, 
Michael A. Stroscio, Gregory Belenky, 
and Serge Luryi, Influence of Complex 
Phonon Spectra on Intersubband Optical 
Gain, J. Appl. Phys., 82, 2031 (1997).

----- 10 nm
____  6 nm

AlGaAs-GaAs-AlGaAs
x = 0.3
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6 nm, RT

6 nm, RT

6 nm, RT, 60 meV

6 nm, RT, 10 meV 
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GaAs

QW

AlGaAs

GaAs

QW

τout = 0.4 ps

τout = 0.6 ps

τout = 0.55 ps

--- all modes
__ w/o barrier 

modes
A  - 0.4 ps, 
B  - 0.5 ps, 
C  - 0.6 ps

τ1- 2 = 0.56 ps
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SINCE CARRIER INTERACTIONS MUST CONSERVE      
ENERGY AND MOMENTUM HAVING NEW PHONON 
ENERGIES LEADS TO WAYS TO MODIFY CARRIER 

SCATTERING AND TRANSPORT… 



EXPLOITING THE FACT THAT NEW ENERGIES LEADS TO WAYS TO MODIFY CARRIER 
SCATTERING AND TRANSPORT ---

•Phonon assisted transitions → Example: use to enhance population inversions in Quantum 
Cascade Lasers, Type-II Lasers, etc.

•Change phase space to modify interactions  → In devices based on quantum wells, quantum 

Phonon Engineering: Some Key Techniques

•Change phase space to modify interactions  → In devices based on quantum wells, quantum 
wires, and quantum dots reduces the set of phonon momenta and energies allowed in 
transitions --- Example: Phase-space reductions in CNTs lead to enhanced carrier mobilities

• Modify materials to change phonons and thus interactions → Examples: (a) Form metal-
semiconductor inteface to eliminate selected interface modes; (b) Reduce carrier-phonon 
interactions through the design of InxGa-xN-based structures exhibiting one mode behavior

•Modify phonon lifetimes (by arranging for different anharmonic terms) and phonon speeds 
(by modifying dispersion relations)→ Reduce bottleneck effects; modify thermal transport

• Generate coherent phonons using Cerenkov effect (as an example) to amplify phonon effects



Some areas where phonon engineering has clear payoff: 

improved gain in semiconductor lasers (especially lasers with narrow quantum 
wells like quantum cascade lasers), 

enhance gain in Sb-lased lasers, 

coherent phonon sources for non-charge-based binary switches and devices, 

increasing carrier mobilities in CNTs, increasing carrier mobilities in CNTs, 

improving CNT-based IR detectors based on understand phonon-assisted 
non-radiative recombination, 

improving III-nitride-based device performance, 

phonon engineering to modify thermal conductivity.
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Enhanced Population Inversion 
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Phonon Engineering in CNTs to Optimize

- Carrier Mobilities- Carrier Mobilities
- IR Detectors
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Axial Phonon at 55 meV
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Bandgap of Zigzag Nanotube as a
Function of Circumference, L/a

(n1,n2) = (L/a,0)
a = 0.246 nm
R = a·n1/2ππππ
Egap = 4 πγπγπγπγ /3L
γγγγ = 5.9 eV-Angstrom

Circumference 
L/a
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200 meV ≈≈≈≈ 1600 cm-1

Phonon Scattering
Recent IBM Result



Phonon Engineering to Modify Thermal Conductivity



( )42.36 10  m/s´

( )41.59 10  m/s´

vLA

vTA

( )41.59 10  m/s´

2 2 2

2 1 1

LA TAv v v
= +

41.86 10  m/sv = ´
c-axis



2D intrinsic thermal conductivity of 
graphite

( )
3

2 2,
4

d
i

Mv f
l f T

kTfpg
=

Two-dimensional intrinsic thermal conductivity of 
graphite as a function of temperature.

( )2 3 2

4

d

kf
C f

a f
=

P. G. Klemens, “Graphite, Graphene and Carbon Nanotubes”, Thermal Conductivity 26, p. 48



Effective average point defect 
concentration

CNTCNT

N: number of circumferential atoms
n: number of rows
ln: length of CNT
d: distance between 2 nearest atoms

ContactsContacts

Ke Sun et al.



Effective average point defect 
concentration

CNTCNT

Ke Sun et al.

N: number of circumferential atoms
n: number of rows
ln: length of CNT
d: distance between 2 nearest atoms

ContactsContacts



End effects of point defects
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End effects of point defects on CNT thermal 
conductivity: 

solid line is at 300 K, 
dotted line is at 500 K 
dashed line is at 800 K
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Compare point defect scattering and 
boundary scattering 

Thermal conductivity as a function of 
CNT tube length at 300 K.  
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Thermal conductivity as a function of 
temperature for a single-wall CNT of 
about 21.2 nm in length:    - solid line 
is for boundary scattering 
- dotted line is for point-defect 
scattering.
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Thermoelectric figure of merit

2

3

4
Thermoelectric Figure of Merit 

Z
T

2 /ZT S Ts l=
S is the Seebeck 
coefficient, σ is the electric 
conductivity, T is the 
absolute temperature and 

Ke Sun et al.

Thermoelectric figure 
of merit as a function 
of temperature for a 
single-wall CNT of 
about 4.1 nm in length.

0 200 400 600 800 1000
0

1

2

End effect
Boundary Scattering

Temperature (K)

absolute temperature and 
λ is the thermal 
conductivity

High ZT values achieved in other systems 
include AgPbmSbTe2+m reported to exhibit a 
ZT of ~2.2 at 800 K.  ZT values of 2.0 at 
300 K have been obtained for PbSnSeTe 
alloy materials and ~0.8 for the material 
CsBi4Te6 produced at 225 K



Summary: Thermal Effects

• Studied 2D graphite intrinsic thermal 
conductivity as a function of temperature.

• Included effects of point defect scattering • Included effects of point defect scattering 
and boundary scattering

• High ZT values are obtained for CNTs of 
submicron lengths



Graphene: Confined Phonons

Ribbons
Quantum Dots

Jun Qian et al.
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Confined Phonons in 2D Graphene Sheet
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Graphite C-axis Thermal 
ConductivityConductivity



Thin Graphite Sheet: phonon 
confinement



2
1 1 3( )

2 2d d

kN k
C f G G

f fp p
= =

3 31/G a=

2 2
1 21/G a=

2
1 3N G G=

Graphene exhibit high in-plane thermal conductivity, which opens possibility for thermal management in 
nanoelectronic circuits. Here, instead, we studied the c-axis thermal conductivity. The Klemens model 
supplemented with phonon mode quantization is used to estimate the thermal conductivity along the c-axis in 
defect-free graphite that is treated as infinite in the lateral directions but finite (a few planes of graphene) in the 
c-direction.  As discussed by Klemens, in one dimension the phonon spectral specific heat is 

is the number of layers in a crystal of unit thickness and unit width, each layer having 

is the number of atoms per unit area; accordingly, the number of phonon states is

Ke Sun et al.based 
on formulation of
Klemens

1

upper

lower

f

i i
f

C vl dfl = ò

The, one-dimensional intrinsic thermal conductivity is given by the usual procedure of integrating this spectral specific 
heat over the velocity and scattering mean free path; that is,

where the lower frequency,  flower and the upper frequency,  fupper are determined by the c-axis phonon dispersion relation.  
For film thicknesses of about 10 nm or less , phonon quantization effects are pronounced and the dispersion relation is 
discrete in confined directions.  fupper = 2.75 THz is  the measured value of the upper frequency along the c-axis.  
Moreover, the lowest possible frequency is given approximately by flower = fupper/L, where L is the number of atoms in the 
one dimensional chain of carbon atoms, assuming a linear dispersion which is evidently a good approximation from the 
measured dispersion curve. 



4

1 2

1 1 1
( , ) 1.96331  W/m K

8 /D
upper upper

v L
T L

T f L f T
ρλ
πγ

  −
= − = ⋅  

 

3 32.26 10  kg/mρ = ×

2 4γ =

122.75 10  Hzupperf = ×

where is the density of graphite

is the Gruneisen parameter squared, and 

Thus, the one dimensional thermal conductivity is given by

Ke Sun et al.based 
on formulation of
Klemens

4γ =

932 m/sv =v

is the Gruneisen parameter squared, and 

is the out-of-plane group velocity. 

has been taken to be the average of the LA and TA branches , 
and the upper frequency, fupper, was taken in accord
with the measured dispersion relation along the c-axis. 
The figure depicts the 1D thermal conductivity of a graphite 
sheet made of 2, 4, 6, and 8 planes of carbon atoms, 
respectively,  as a function of temperature.

v
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Piezoelectricity in nanowires

piezoelectric tensor (in cylindrical coordinates),      piezoelectric polarization,( )

…(1b)

Wurtzite Zincblende
PIEZOELECTRIC TENSORS 
HAVE DIFFERENT FORMS

piezoelectric tensor (in cylindrical coordinates),      piezoelectric polarization,
piezoelectrically induced potential generated in a nanowire

( )

Zincblende Wurtzite

Stretching 
(0.1% strain 
along z-axis)

Vzz = 0 V
(CASE A)

Vzz = - 15.1 V (AlN), -
11.3 V (ZnO) and   - 4.9 
V (GaN).
(CASE C)

Bending (0.1% 
strain 
developed 
along z-axis)

Vrz = 1.4 V (AlN),
Vrz = 2 V(ZnO)
Vrz = 1 V (GaN)
(CASE B)

Vrz = 0.41 V (AlN), 
0.41 V (ZnO) and 0.21 
V (GaN). 
(CASE D)



The current literature addresses a large variety of piezo-devices based on 
over-simplified stress-strain relationships.  When the exact piezoelectric
tensor is used, the results are dramatically altered in many cases resulting
in the magnitude of the piezoelectric effects larger (or smaller) than the
published results for bending and stretching of nanowires!  It is essential
to use the exact piezo tensor as discussed by Sen et al.  These effects are
discussed in:

Banani Sen, Michael Stroscio, and Mitra Dutta, Piezoelectricity in Wurtzite Banani Sen, Michael Stroscio, and Mitra Dutta, Piezoelectricity in Wurtzite 
Polar Semiconductor Nanowires: A Theoretical Study, Journal of Applied 
Physics, 110, 024506 (2011). 

Banani Sen, Michael Stroscio, and Mitra Dutta, Piezoelectricity in Zinc Blende 
Polar Semiconductor Nanowires: A Theoretical Study, Journal of Applied 
Physics, 111, in press (2012).

Rocksalt case to come (Banani Sen) …

Selected results are given in the following slides.



Length 1 (along wire at center radius) ~ Fraction of radian times R + a/2

Length 2 (along wire at bottom radius) ~ Fraction of radian times R

Change in  Length Along C-Axis (Length 1 – Length 2) ~ Fraction of radian times a/2

x

x’

y

y’

Delta Perp./Delta Parallel 
~ R times (FOR)2/ a/2 times FOR
~ 2R/a times (FOR)

Thickness, a

x/y ~ x’/y’ ~ (Fraction of radian times R)/R = Fraction of radian
y/y’ ~ (Fraction of radian times R)/R = Fraction of radian
x/y’ ~ (Fraction of radian)2   à x ~ R times (Fraction of radian)2

~ 2R/a times (FOR)
~ Length of Wire/Thickness of Wire

FOR = fraction of radian



Piezoelectric polarization                  and the potential generated

For materials with wurtzite crystal structure, the piezoelectric tensor in cartesian co-ordinates
For phonon propagation at an arbitary angle η in XZ plane, the 
stress tensor transforms to                         where       is the 
rotation transformation matrix and         is the bond stress 
transformation matrix derived from     .

with  

Wurtzite
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In cylindrical polar co-ordinates,         
with  
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The strain vector S in cylindrical polar coordinates

u
rz

uv
rz

v

i
S

z
u

z
v

i
S

u

rr
uv

rr
v

i
S

r
u

r
v

i
S

zz
z

zz
zz

rr

rr
rr

φφ
φ

φφ
φφ

φφω

ω

φφω

ω

∂
∂

+
∂

∂
=









∂
∂

+
∂

∂
=

∂
∂

=
∂
∂

=

∂

∂
+=









∂

∂
+=

∂
∂

=
∂
∂

=

111
2

1

111

1

r

u

r

uu
rr

v

r

vv
ri

S

r
u

z
u

r
v

z
v

i
S

rzrzi
S

rr
r

zrzr
rz

z

φφφφ
φ

φ

φφω

ω

φφω

−
∂

∂
+

∂
∂

=







−

∂

∂
+

∂
∂

=

∂
∂

+
∂
∂

=







∂
∂

+
∂
∂

=

∂
+

∂
=



 ∂

+
∂

=

111
2

1
2

2



Piezoelectrically induced polarization in cylindrical polar coordinates is given as

( ) ( )

( ) ( )
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Static permittivity for wurtzite crystals                                                                        

On coordinate transformation for phonon propagation at an arbitary angle η

For no free charge nanowires, piezoelectric potential generated is given by                               

Piezoelectric stiffening

Elastic stiffness tensor 
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Elastic stiffness tensor 

For phonon propagation at an arbitary angle η, the stiffness matrix transforms as 
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Results
Strain applied along z-axis,           is the only non-zero term                                        
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Piezoelectric polarization                  and the potential generated

For materials with wurtzite crystal structure, the piezoelectric tensor in cartesian co-ordinates

For phonon propagation at an arbitary angle η in XZ plane, the stress tensor transforms to            
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For phonon propagation at an arbitary angle η in XZ plane, the stress tensor transforms to            
where       is the rotation transformation matrix and         is the bond stress 

transformation matrix derived from     .
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In cylindrical polar co-ordinates,         
with  
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The strain vector S in cylindrical polar coordinates
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Piezoelectrically induced polarization in cylindrical polar coordinates is given as
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Static permittivity for wurtzite crystals                                                                        

For no free charge nanowires, piezoelectric potential generated is given by                               

Piezoelectric stiffening

Elastic stiffness tensor 
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For phonon propagation at an arbitary angle η, the stiffness matrix transforms as 
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Results
Strain applied along z-axis,           is the only non-zero term                                        
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